We prove a theorem of Leray-Hirsch type and give an explicit blow-up formula for Dolbeault cohomology on (not necessarily compact) complex manifolds. We give applications to strongly q-complete manifolds and the ∂∂-lemma.
Introduction
Dolbeault cohomology is an algebraic invariant on complex manifolds, which is related to the complex structures of complex manifolds. In general cases, the computation of Dolbeault cohomology is much more difficult than that of de Rham one. One reason is that the property of a sheaf germs of holomorphic forms is more complicated than that of a constant sheaf. We focus on the Dolbeault cohomologies of fiber bundles and blow-ups.
The Leray-Hirsch theorem is a classical result in algebraic topology, which is used to calculate the singular (or de Rham) cohomology of fiber bundles. Cordero, L. [7] obtained a version of this theorem on Dolbeault cohomology by use of Borel's spectral sequence on holomorphic fiber bundle. By Cordero's result, Rao, S., Yang, S. and Yang, X.-D. [28] proved the projective bundle formula for Dolbeault cohomology on compact complex manifolds. Angella, D., Suwa, T., Tardini, N. and Tomassini, A. [3] and Stelzig, J. [31] got the same formula for projective bundles in different ways. The following theorem is weaker than Cordero's and we will give a simple proof. Theorem 1.1. Let π : E → X be a holomorphic fiber bundle with compact fibers over a connected complex manifold X. Assume that there exist classes e 1 , . . . , e r of pure degrees in H * , * ∂ (E), such that, their restrictions e 1 | Ex , . . . , e r | Ex to E x is a basis of H * , * ∂ (E x ) for every x ∈ X, where H * , * ∂ (•) = p,q≥0 H p,q ∂ (•). Then
is an isomorphism for any p, q, where e i is of degree (u i , v i ) for 1 ≤ i ≤ r.
Rao, S. et. al. [28] proved that, there exists an isomorphism for Dolbeault cohomology of blow-ups of compact complex manifolds by the cohomology of sheaves and expressed it explicitly for the one in the Fujiki class C. They also provided some beautiful applications to bimeromorphic geometry. Shortly after [28] was posted on arXiv, Angella, D. et. al. [3] obtained the similar result under the assumption that the center admits a holomorphically contractible neighborhood byCech-Dolbeault cohomology and considered the orbifold cases under some restrictions. Stelzig, J. [31] studied the blow-up formula on the level of the double complex for compact complex manifolds up to a suitable notation of quasi-isomorphism. We give an explicit expression of the blow-up formula and prove that it holds on general (not necessarily compact) complex manifolds for the Dolbeault cohomology. Theorem 1.2. Let π : X Z → X be the blow-up of a connected complex manifold X along a connected complex submanifold Z of codimension r. Let E be the exceptional divisor and i E : E → X Z the inclusion. Then 
Proof. We first prove the following statement:
For r = 1, it holds obviously. Assume that (*) holds for r. For r + 1, set
Moreover, by the Mayer-Vietoris condition, P(
By the inductive hypothesis, P( 
So P(X) holds by (*).
A proof of Theorem 1.1
For a complex manifold X, denote by A p,q X (resp. D ′p,q X , Ω p X ) the sheaf of germs of smooth (p, q)-forms (resp. (p, q)-currents, holomorphic p-forms) on X and denote by A p,q (X) (resp. A p,q c (X), D ′p,q (X)) the space of smooth (p, q)-forms (resp. smooth (p, q)-forms with compact supports, (p, q)-currents) on X.
For bigraded vector spaces K * , * and L * , * over C, the associated bigraded space K * , * ⊗ C L * , * over C is defined as (K * , * ⊗ C L * , * ) p,q = k+l=p r+s=q K k,r ⊗ C L l,s for any p, q.
For coherent analytic sheaves F and G on complex manifolds X and Y respectively, the (analytic) external tensor product of F and G is defined as
where pr 1 and pr 2 are projections from X × Y onto X, Y , respectively. Clearly,
Assume that Y is compact. By [8, IX, (5.23) (5.24)], we have an isomorphism
for any p, q. It is the Künneth formula for the Dolbeault cohomology.
Combining the Künneth formula and the gluing principle, we give a proof of Theorem 1.1.
For any open set U in X, set
Clearly, the morphism
Denoted by P(U ) the statement that Ψ p,q U are isomorphisms for all p, q. Our goal is to prove that P(X) holds by the gluing principle. Clearly, P satisfies the disjoint condition.
Given p, for any open subsets U , V in X, there is a commutative diagram Therefore, we have a commutative diagram
of long exact sequences. If Ψ p,q U , Ψ p,q V and Ψ p,q U ∩V are isomorphisms for all p, q, then so are Ψ p,q U ∪V for all p, q by the five-lemma. Hence P satisfies the Mayer-Vietoris condition.
To check the local condition, we first verify the following claim: (♦) If the open set U of X satisfies that E U = π −1 (U ) is holomorphically trivial, then P(U ) holds.
Suppose that F is the general fiber of E and ϕ U : U × F → E U is a holomorphic trivialization. Let pr 1 and pr 2 be projections from U × F to U and F respectively, which satisfy π
. ., i * o e r is linearly independent, mapping e i to e ′ i for 1 ≤ i ≤ r give an isomorphism span C {e 1 , . . . , e r }→span C {e ′ 1 , . . . , e ′ r }. For any p, q, we have a commutative diagram
where span C {e 1 , . . . , e r } and span C {e ′ 1 , . . . , e ′ r } are viewed as bigraded subspaces of H * , * ∂ (E U ). By the assumption, the restriction of i * o to span C {e 1 , . . . , e r }, hence to span C {e ′ 1 , . . . , e ′ r }, is an isomorphism. Notice that F is compact. By the Künneth formula (3.1), pr *
which is clearly isomorphic. Then Ψ p,q U is the composition of (3.3) and the two vertical maps in the first column of (4.6), hence an isomorphism. We proved (♦). Let U be a basis of the topology of X such that E U is holomorphically trivial for any U ∈ U . For U 1 , . . ., U l ∈ U ,
We complete the proof. (1) They required that the Dolbeault cohomology algebra H * , * ∂ (F ) of the general fiber F need to have a transgressive algebraic basis. In fact, they only used the existence of a bigraded vector space basis consisting of trangressive elements (for details, see [7, Lemma 18] ). This assumption is equivalent to say that, for any∂-closed form a ∈ A * , * (F ), there existã ∈ A * , * (E) and a∂-closed form b ∈ A * , * (X) such that j * ã = a and∂ã = π * b, where j : F → E be the inclusion of the general fiber.
(2) Their assumption is weaker than ours in Theorem 1.1. This point was also mentioned in [29, Page 8] . Actually, for any∂-closed form a ∈ A * , * (F ), our assumptions imply that there exist a∂-closed formã 1 ∈ A * , * (E) and c ∈ A * , * (F ) such that j * ã 1 = a +∂c. Since j * : A * , * (E) → A * , * (F ) is surjective, j * c = c for somec ∈ A * , * (E). Setã =ã 1 −∂c. Then j * ã = a and∂ã = 0. 3, 31] ). Suppose that π : P(E) → X is the projectivization of a holomorphic vector bundle E on a connected complex manifold X. Let h ∈ H 1,1 ∂ (P(E)) be the Dolbeault class of a first Chern form of the universal line bundle O P(E) (−1) on P(E). Then
is an isomorphism for any p, q, where rank C E = r.
Proof. For every x ∈ X, 1, h, . . ., h r−1 restricted to the fibre π −1 (x) = P(E x ) freely linearly generate H * , * ∂ (P(E x )). By Theorem 1.1, we immediately get the corollary. 
A proof of Theorem 1.2
Now, we recall two sheaves defined in the third version of [28] and study their properties by a little different approach. Following the ideas in [28] , we fill some details of their proof with results in [12, 15, 31] .
Let X be a complex manifold and i : Z → X the inclusion of a complex submanifold Z into X. For any p, q, the pullpacks give an epimorphism A p,q X → i * A p,q Z of sheaves, which can be checked locally (or see [28, Lemma 3.9] ). Denote
) and by C ∞ X the sheaf of germs of complex-valued smooth functions on X. Clearly, G p,q X,Z is a sheaf of C ∞ X -module, hence a soft sheaf. For any p, we have a short exact sequence
of complexes of sheaves, which induces a long exact sequence
is Ω p X at q = 0 and 0 at q > 0. Define
Since i * is an exact functor, by (4.2),
It is easily checked that the pullbacks induce an epimorphism Ω p
is an exact sequence of sheaves and
is a resolution of soft sheaves of F p X,Z , for any p. Now, let π : X Z → X be the blow-up of a connected (not necessary compact) complex manifold X along a connected complex submanifold Z. We know π| E :
The following lemma was first proved for smooth schemes over a field in [12, 15] . Stelzig, J. indicated that it also holds for complex manifolds and the proof can be copied verbatim. Recently, Rao, S. et al. ( [29] ) gave all details of the proof of this lemma on compact bases in the holomorphic category by the same steps in [15] and moreover, they actually proved it for the bundle-valued case. Following their steps ( [15, 29] ), we can easily extend it to possibly noncompact manifolds with minor modifications. Lemma 4.1. For any p ≥ 0, the following morphisms are isomorphisms:
Proof. The proof of [29, Lemma 4.1 (i)(ii)] also hold for possibly noncompact manifolds, so we obtain (1) and (2) 
for q ≥ 1, which is just the restriction of i * E to U . Since X is covered by U , i * E is an isomorphism on X. 
Proof. For the short exact sequence (4.3) of the pair ( X Z , E), we have a long exact sequence
(4.4)
Let Ω p E → I • be an injective resolution of Ω p E . Then i E * Ω p E → i E * I • is also an injective resolution. Since i Z * is an exact functor,
and R 1 π * F p X Z ,E = 0. We complete the proof.
Remark 4.3. The first part of this lemma was proved with a direct way in the third version of [28] (cf. Lemma 3.10) and the second part seems not to be treated there. After them, we first gave the above proof in the early version [22] of the present article. Recently, Rao, S. et al. [29] studied this lemma for the bundle-valued cases with our approach. Actually, their results can be obtained directly by ours and the projection formula.
By the Leray spectral sequence and Lemma 4.2, π * induces an isomorhism
).
For a fixed p. From the sequence (4.1), we get a commutative diagram
of short exact sequences of complexes, since G * , * X,Y and G * , * X,E are soft sheaves. It induces a commutative diagram
of long exact sequences, where π * and (π| E ) * are injective by the projection formula ([8, VI, (12.8)]) and Corollary 3.2, respectively. By the snake lemma, i * E induces an isomorphism cokerπ * → coker(π| E ) * . We get a commutative diagram
of short exact sequences for any p, q. Denote by Θ(O E (−1)) the curvature of the Chern connection of a hermitian metric of the 
where l E : E → U is the inclusion. Hence, there exist a form η ∈ A p,q−1 (E) and∂-closed forms γ ∈ A p,q ( U ), δ ∈ A p,q (Z), such that α = l * E γ + (π| E ) * δ +∂η. So α = l * E γ + (π|Ũ ) * τ * δ +∂η.
In 
By the projection formula of currents,
Let j : U →X Z be the inclusion. Since supp(l E * α) ⊆ E, j| supp(l E * α) is proper, which implies that j * (l E * α) is defined well. Clearly, j * (l E * α) = i E * α and j * j * l E * α = l E * α. So Proof. Suppose that π * α p,q +
by Lemma 4.4, where i Z : Z → X is the inclusion. By Corollary 3.2, β p−i,q−i = 0 for every i. So π * α p,q = 0. By [36, Theorem 3.1], π * is injective, so α p,q = 0. The injectivity of the morphism (1.1) is true.
which is zero in coker(π| E ) * . By the commutative diagram (4.5),
for some α p,q ∈ H p,q ∂ (X). So the morphism (1.1) is surjective. We complete the proof. 
By definitions, we easily get
where i, j, i ′ and j ′ are inclusions. Then, j ′ * i ′ * = i * j * on A * * c (U ). Dually, i ′ * j ′ * = j * i * on D ′ * * (Z).
After above preparations, we can prove Theorem 1.2.
Proof. For any p, q, set
Define∂ : F p, * → F p, * +1 as (α, β 0 , . . . , β r−2 ) → (∂α,∂β 0 , . . . ,∂β r−2 ). For any p,
where H * , * ∂ (Z ∩ U ) = 0 for Z ∩ U = ∅. Denote by P(U ) the statement that Φ p,q U are isomorphisms for all p, q. The theorem is equivalent to say that P(X) holds. We need to check that P satisfies the three conditions in Lemma 2.1. Obviously, P satisfies the disjoint condition.
For open sets V ⊆ U , denote by ρ U V : F p,q (U ) → F p,q (V ) the restriction of the sheaf F p,q and by j U V : Theorem 5.1. Let X be a strongly q-complete manifold. Then H p (X, F) = 0 for any analytic coherent sheaf F on X and all p ≥ q.
Proposition 5.2. A projective bundle associated to a holomorphic vector bundle of rank r ≥ 2 is not strongly q-complete for 1 ≤ q ≤ r − 1.
Proof. Let P(E) be the projective bundle associated to a holomorphic vector bundle E of rank r. By Corollary 3.2, H r−1 (P(E), Ω r−1 P(E) ) ⊇ H 0 (X, O X ) = O(X) = 0. So P(E) is not strongly q-complete for 1 ≤ q ≤ r − 1 by Theorem 5.1.
Proposition 5.3. Let X be a connected complex manifold and Z a connected complex submanifold of X with codimension r ≥ 2. Then the blow-up X Z of X along Z is not strongly q-complete for 1 ≤ q ≤ r − 1.
Proof. By Theorem 1.2, H r−1 ( X Z , Ω r−1 X Z ) ⊇ H 0 (Z, O Z ) = O(Z) = 0. So X Z is not strongly q-complete for 1 ≤ q ≤ r − 1 by Theorem 5.1.
∂∂-lemma.
The ∂∂-lemma on a compact complex manifold X refers to that for every pure-type d-closed form on X, the properties of d-exactness, ∂-exactness,∂-exactness and ∂∂-exactness are equivalent. The well-known fact is that compact Kähler manifolds satisfy the ∂∂-lemma. The complex manifolds in the Fujiki class C satisfy the ∂∂-lemma ( [9, 34] ) and are not Kählerian in general. There also exist many examples which are not in C , see [1, 2, 3, 18] . As we know ([9, (5.16)]), X satisfies the ∂∂-lemma, if and only if, the natural map H * , * BC (X) → H * , * ∂ (X) induced by the identity is an isomorphism. We recall some notations of the double complex and its cohomologies, see [31, Section 1] or [1, 30, 32] . A bounded double complex over C with real structure refers to the quadruple (K * , * , ∂ 1 , ∂ 2 , σ), where (1) K * , * is a bigraded C-vector space for all (p, q) ∈ Z, which satisfies that K p,q = 0 except for finitely many (p, q) ∈ Z,
(2) ∂ 1 and ∂ 2 : K * , * → K * , * are C-linear maps of bidegree (1, 0) and (0, 1) such that ∂ 2 i = 0 for i = 1, 2 and ∂ 1 • ∂ 2 + ∂ 2 • ∂ 1 = 0,
(3) σ : K * , * → K * , * is a conjugation-antilinear involution, which satisfies that σ(K p,q ) = K q,p and σ∂ 1 σ = ∂ 2 .
A morphism of bounded double complexes over C with real structures means a C-linear map of underlying C-vector spaces compatible with the bigrading, differentials and real structure.
Let ∂ p,q Now we consider the ∂∂-lemma on fiber bundles and blow-ups.
Fiber bundles.
Theorem 5.5. Let π : E → X be a holomorphic fiber bundle over a connected compact complex manifold X. Assume that there exist∂-closed forms t 1 , . . ., t r of pure degrees satisfying the following conditions: 
where [−u i , −v i ] denotes the degree shift for 1 ≤ i ≤ r. Define two C-linear maps
where ∂ and∂ denote the partial differential operators on A * , * (X). Define σ : K * , * → K * , * as σ(α 1 , α 2 , . . . , α r ) = (ᾱ s+1 ,ᾱ s+2 , . . . ,ᾱ 2s ,ᾱ 1 ,ᾱ 2 , . . . ,ᾱ s ,ᾱ 2s+1 , . . . ,ᾱ r ),
The quadruple (K * , * , ∂ 1 , ∂ 2 , σ) is a bounded double complex over C with real structure. Define f : K * , * → A * , * (E) as
which is a morphism of bounded double complexes over C with real structures. Consider the commutative diagram
where the vertical maps are induced by identities. By Theorem 1.1, the bottom map is an isomorphism, i.e., f is an E 1 -isomorphism. By Theorem 5.4, the top map is isomorphic. We easily get the theorem by the commutative diagram.
Remark 5.6. In the above proof, we get the Leray-Hirsch theorem of Bott-Chern cohomology, whose conditions are stronger than those of Dolbeault cohomology. For instance, let X be any complex manifold and H α the Hopf surface (see Remark 3.4 The ∂∂-lemma on projective bundles was studied in [3, 25, 26] . We generalize it as follows.
Corollary 5.7. Let F be a flag bundle associated to a holomorphic vector bundle on a connected compact complex manifold X. Then F satisfies the ∂∂-lemma, if and only if, X does.
Proof. Suppose that E is a holomorphic vector bundle with rank n over X and n 1 , . . ., n r is a sequence of positive integers with r i=1 n i = n, such that the fiber F x of F over x ∈ X is the flag variety F l(n 1 , . . . , n r )
For 0 ≤ i ≤ r, let E i be the universal subbundle over F whose fiber over the point (V 0 , V 1 , . . . , V r−1 , V r ) is V i . Notice that E 0 = 0 and E r = π * E, where π is the projection from F onto X. Denote by E (i) = E i /E i−1 the successive universal quotient bundles and by t (i) j ∈ A j,j (F ) a j-th Chern form of E (i) for 1 ≤ i ≤ r. For any x ∈ X, the restrictions t (i)
to F x are Chern forms of successive universal quotient bundles of the flag manifold F x . As we know, there exists the monomials Q i (T 
Clearly, t i are all real and∂-closed on F . Then t 1 , . . ., t k satisfy the conditions in Theorem 5.5. Thus we get the corollary.
We proved the following corollary in [26] by the Deligne-Griffiths-Morgan-Sullivan criterion [9, (5.21) ] and give a new proof with a viewpoint of fiber bundles now. Proof. Denote by pr 1 and pr 2 the projections from X × Y onto X and Y respectively.
Let X and Y both satisfy the ∂∂-lemma. The identity induces an isomorpism H * , * BC (Y ) → H * , * ∂ (Y ), hence we can choose∂-closed forms h 1 , . . ., h r ∈ A * , * (Y ) of pure degrees such that h i+s =h i for 1 ≤ i ≤ s, h i =h i for 2s + 1 ≤ i ≤ r and the Dolbeault classes [h 1 ]∂, . . ., [h r ]∂ is a basis of H * , * ∂ (Y ). Then t i = pr * 2 h i for 1 ≤ i ≤ r satisfy the conditions in Theorem 5.5, where we view pr 1 : X × Y → X as a holomorphic fiber bundle over X. Thus X × Y satisfies the ∂∂-lemma. Let X × Y satisfy the ∂∂-lemma. We only prove that X satisfies the ∂∂-lemma. Since the identity induced an isomorphism H * , * BC (X × Y )→H * , * ∂ (X × Y ), there exists∂-closed forms t 1 , . . ., t r of pure degrees on X × Y satisfying that (1) t i ∈ p>q A p,q (X × Y ) and t i+s =t i for 1 ≤ i ≤ s, 
by the identity. So t 1 , . . ., t s 0 , t s+1 , . . ., t s+s 0 , t 2s+1 , . . ., t r 0 satisfy the conditions in Theorem 5.5, where pr 1 : X × Y → X is viewed as a holomorphic fiber bundle over X. Thus X satisfies the ∂∂-lemma.
5.2.2.
Blow-ups. Let π : X Z → X be the blow-up of a connected complex manifold X along a connected complex submanifold Z of codimension ≥ 2. Combining Theorems 1.2 and 5.4, we can get a similar blow-up formula for Bott-Chern cohomology, which can be used to prove that the ∂∂-lemma holds on X Z if and only if it holds on X and Z, refer to [26, Section 4] . See also [37, 3, 30, 25] and [26, Section 3] for other proofs.
